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second, identify a “symmetry” condition on the zeroes of a “discrepancy function”
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1 Introduction
The mathematics of the general theory of (undiscounted) intertemporal resource
allocation is developed in terms the triple (!, u, x0 ) where ! ⊆ IRn+ × IRn+ , u : ! −→
IR+ and xo ∈ IR+ , where IRn is n−dimensional Euclidean space and IRn+ its nonnegative orthant. The set ! is referred to as the transition possibility set and its
individual element (x, x& ) is interpreted as a pair of states such that the state of the
system tomorrow x& is technologically feasible given the state of the system today x.
The real-valued function u defined on the feasible pair of states (x, x& ) is interpreted
as the benefit u(x, x& ) received today. The vector xo is interpreted as the initial state
of the dynamical system in which time is formalized in discrete units t ∈ IN, where IN
is the set of natural numbers, including zero. The theory involves the following basic
concepts.
Definition 1.1 A program from
the initial
!
" state x0 is a sequence {x(t)} such that
x(0) = x0 and for all t ∈ IN, x(t), x(t+1) ∈ !.

Definition 1.2 A program {x∗ (t)} is optimal if for any program {x(t)} such that x(0) =
x∗ (0) we have
#T
lim supT→∞ t=0
u(x(t), x(t + 1)) − u(x∗ (t), x∗ (t + 1)) ≤ 0.

A program is maximal if the lim sup operator above is substituted for the lim inf
operator.1
Definition 1.3 A program {x∗ (t)} is stationary if x∗ (t) is constant for all t ∈ IN. A
program is a stationary optimal (maximal) program if it is stationary and optimal
(maximal).

The basic results of the theory are now well-known and available in [23, Section
II.6] in the form of two theorems; also see the texts [1, 2, 32]. The first result
(Theorem 6) asserts the existence of a stationary optimal program, as well as
that of an optimal program from any initial state, under convexity, closedness and
boundedness assumptions on !, and on strict concavity and continuity assumptions
on u. The second result (Theorem 7) asserts the existence of a maximal program
by weakening the strict concavity of u to concavity and by requiring the additional
assumption of uniqueness of the stationary maximal program. We refer the reader to
[23] and his references for a precise statement and bibliographic details.
In [8], a model due to Robinson, Solow and Srinivasan (referred to as the RSS
model and to be precisely defined below) is reformulated so that its objects conform
to the basic theory delineated above. It is shown that the general theorem on the
existence of optimal programs does not directly apply by virtue of the fact that the reformulated benefit function of the RSS model is never strictly concave. A more direct
mathematical argumentation needs to be furnished, one that appeals to the methods
of proof rather than the results themselves of the theory. Such an argument revolves

1 In

[4, Chapter 2], the authors refer to these notions as overtaking optimal and weakly overtaking
optimal programs. There is a dissonance in terminological usage as between discrete and continuous
time, but also see [27] for the case of continuous time.
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around the model’s original felicity function w(·) defined on consumption levels
rather than on the reformulated benefit function u(·, ·) defined on feasible ordered
pair of stocks, and referred to above. The authors of [8] also limit themselves to the
maximality notion, and show that maximal and stationary maximal programs exist,
and, under strict concavity of w(·), the former converge asymptotically to the latter
provided it is unique. Two aspects of this reformulation have attracted attention.
First, through three decisive counterexamples, the results are shown to conflict rather
dramatically with analogous results for an identical model in continuous time; see
[29] and [8, Section 6.2–6.4]. Second, a sufficient summary statistic ξσ (to be precisely
defined below) has been identified, and shown to govern the dynamic properties
of the maximal program under the linearity assumption on w(·). Subsequent to [8],
these results have been refined and elaborated also for the optimality notion and
towards the development of a rather complete (so-called) turnpike theory for the
model; see [9–11, 13, 16, 31, 33]. Indeed, these results for the RSS model have
been used towards the development of a general theory in [34]. Nonetheless, this
dichotomy of one set of results for a linear case of w(·), and another for a strictly
concave case, has remained a rather unattractive aspect of the theory. A natural
question has remained unanswered as to whether the results can be unified through
a condition that is sufficient, and perhaps even necessary, for a unification of the
results.
We present such a mathematical condition in this paper. But perhaps more than
the condition itself, what is of interest, and to the authors of some surprise, is the
considerably generalized context in which such a condition can be set. The essential
mathematical contribution of this paper is that rather than the linear and strictly concave cases of the felicity function functions handled separately, one need work only
with upper semicontinuous felicities that are supported at the unique consumption
value of the stationary maximal plan. In such a context, we present (i) an equivalence
theorem (Theorem 6.1 below) that shows maximal and optimal programs to be
identical and (ii) an asymptotic theorem (Theorem 5.1 below) establishing their
convergence to the (unique) maximal or optimal stationary program if either the
summary statistic ξσ identified above is not unity or the sufficient condition holds.
And if the felicity functions are concave, the sufficient condition reduces to one that
is necessary and sufficient for the asymptotic convergence of programs that include
the optimal and maximal ones; see Condition 4 below and the discussion following
it. It is important to be clear that, leave alone for the general theory, such results
have not even been conjectured, much less formulated and proved, even for the RSS
model. The extent to which the results of this paper can be lifted to the general theory
must remain a tantalizing open question for future investigation.
With this introduction, the plan of the paper is straightforward. In Section 2,
we present a brief but mathematically self-contained statement of the RSS model
as a special case of the general model specified above. Section 3 focusses on
the golden-rule configurations and the underlying value-loss function. Sections 4
and 5 concern good programs, the former proves the existence of good programs
while the later characterizes their asymptotic convergence. Section 6 presents the
principal equivalence between maximal, optimal and minimal value loss programs.
Finally, we conclude the paper in Section 7 by relating our results in more detail
to the continuous-time literature in mathematical economics and optimal control
theory.
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2 The RSS Model
We begin with a brief description of the RSS model and its basic benchmarks as the
special case of the model considered in the introduction; the reader is referred to
[8, 10, 34] for more details.
Let the total labor force of the economy be stationary and positive, we normalize
it to be unity. We work with a model of an economy capable of producing n types
of machines using only labor: ai > 0 units of perfectly divisible labor are needed
to produce 1 unit of a perfectly divisible machine of type i, for i = 1, . . . , n. Let a
denote the n-vector (a1 , · · · , an ). The state of the economy will be represented by
a point x ∈ IRn+ , where xi represents the stock of machines of type i = 1, . . . , n.2 If
x represents the stock of machines today, x& the stock tomorrow and d ∈ (0, 1) the
common rate of depreciation of machines of any type, then z = x& − (1 − d)x stands
for the number of machines produced during the period. The constraints in the z ≥ 0
and az ≤ 1 represent respectively the irreversibility of investment and the maximum
labor available. With these definitions, the transition possibility set is given by
$
!
"
%
! = (x, x& ) ∈ IRn+ × IRn+ : x& − (1 − d)x ≥ 0 and a x& − (1 − d)x ≤ 1 .

(1)

One unit of labor together with one unit of machine of type i = 1, . . . , n, can
produce b i > 0 units of a single consumption good, thus, defining the outputcoefficients vector b = (b 1 , . . . , b n ) ∈ IRn+ , the total good production is given by b y,
with y ∈ $(x, x& ).
Given the pair (x, x& ) ∈ ! and denoting by e the sum vector of IRn , the stock
of machines that may be devoted to the consumption goods sector is given by the
correspondence
$
!
"%
$(x, x& ) = y ∈ IRn : 0 ≤ y ≤ x and ey ≤ 1 − a x& − (1 − d)x .

(2)

Welfare is derived only from the consumption good and is represented by an upper
semicontinuous felicity function w : IR+ → IR+ that is assumed to be “supported” at
one particular consumption level, the so-called golden-rule consumption level, to be
fully characterized in the following section. In terms of the triple (!, u, xo ) pertaining
to the general theory, and mentioned in the first sentence of the introduction, we can
now define
$
%
u(x, x& ) = arg max w(b y) : y ∈ $(x, x& ) for all (x, x& ) ∈ !.

In the antecedent literature on the RSS model, it is usual to define a program as
{x(t), y(t)}t∈IN where y(t) indicates
! the part of" the stock devoted to the production of
the consumption good, y(t) ∈ $ x(t), x(t+1) . We take a different approach, defining

2 Throughout

as stock.

this work we sometimes refer to the state x as stock of machines and sometimes simply

Supportability and Asymptotic Dynamics

139

a program as a sequence of states {x(t)} without specifying explicitly the sequence
{y(t)}. Towards this end, we focus on the subset of $(x, x& ) given by
$
%
λ(x, x& ) = arg max b y : y ∈ $(x, x& ) .
!
"
In this formulation, the production levels at time t always belong to λ x(t), x(t+1) ,
3
i.e.,
! they always
" yield the maximal possible total production. It may well be that
λ x(t),
! x(t+1) is "a correspondence rather than a function but given that every
y ∈ λ x(t), x(t+1) provides the same total production (b y is constant for all y ∈
λ(x, x& )) we are indifferent to the actual allocation of machines and labor to produce
consumption goods. By abuse of notation we will sometimes refer to max{b y : y ∈
$(x, x& )} as b λ(x, x& ) even though λ(x, x& ) is not always a single element vector set.
Since we shall be working directly with w(·) rather than u(·, ·), we modify
Definition 1.2 above to
Definition 2.1 A program {x∗ (t)} is optimal if for any program {x(t)} such that x(0) =
x∗ (0) we have
#T
lim supT→∞ t=0
w(b y(t)) − w(b y∗ (t)) ≤ 0
!
"
!
"
where y(t) ∈ λ x(t), x(t+1) and y∗ (t) ∈ λ x∗ (t), x∗ (t+1) . A program is maximal if
the lim sup operator above is substituted for lim inf .
Definitions 1.1 and 1.3 remain the same.
3 Golden-Rule Stocks and Minimum Value-Loss Programs
In this section, we develop three fundamental concepts for the RSS model that
are based on the “supportability” assumption: the golden-rule stocks, the value-loss
function and the von Neumann facet. Note that we depart from the literature in that
we first propose a value-loss function and then use this function to characterize the
golden rule stocks and von-Neumann facet. This is done to accommodate our nonconcave, non-monotonic and non-differentiable felicities. We leave as exercises for
the reader proofs which routinely extend the standard results.
As referenced in [8], the quotient (1 + ai d)/b i represents the effective labor cost
of producing a unit of output, and its reciprocal b i /(1 + ai d), the maximal sustainable
amount of output, both estimates with reference to a machine of type i.
Definition 3.1 Let the golden-rule consumption level ĉ be given by max{b i /(1 + ai d) :
i = 1, . . . , n}, and let I ⊆ [1, . . . , n] be the set of indices where the maximum is
attained, i.e., I = {i : ĉ = b i /(1 + ai d)} = arg max{b i /(1 + ai d) : i = 1, . . . , n}.
3 This

change of approach implies no loss in generality. Indeed, consider any program defined in the
traditional way {x(y), y(t)}t∈IN with y(t) ∈ $(x(t), x(t + 1)), and suppose that there is t̃ such that y(t̃) + ∈
λ(x(t̃), x(t̃ + 1)). There exists another program {x(t), y& (t)}t∈IN with y& (t) ∈ λ(x(t̃), x(t̃ + 1)) (observe
that the sequence of stock of machines {x(t)} remains unchanged). The new program provides a
strictly larger benefit at t = t̃ and the same benefit if t + = t̃. Hence, it is obvious that {x(y), y(t)}t∈IN
cannot be maximal or optimal. Even more, there is no need to consider it as an alternative program
in the definition of maximal or optimal program, it suffices to consider only {x(y), y& (t)}t∈IN .

140

M.A. Khan, A. Piazza

We can now state the already-announced supportability condition on the felicity
function w, that will be used throughout this work:
Supportability condition on the felicity function There exists π > 0 such that w(c) ≤
w(ĉ) + π(c − ĉ) for all c ∈ IR+ . Let Sw ⊆ IR+ be the set where the equality is attained,
$
%
Sw = c ∈ IR+ : w(c) = w(ĉ) + π(c − ĉ)

(3)

The set Sw is closed by the upper semi-continuity of the function w. Furthermore,
in the particular cases where w is linear, concave or strictly concave, the set Sw is
respectively IR+ , a closed interval or {ĉ}. In fact, the identity Sw = {ĉ} corresponds to
the family of strictly-supported felicity functions,
for all c + = ĉ.

Sw = {ĉ} ⇐⇒ w(c) < w(ĉ) + π(c − ĉ)

Remark 3.1 Note that the supportability assumption is based on the primitive parameters of the RSS model; namely (a, b , w(·)).
Remark 3.2 Note that our notion of strictly-supported felicity function does not necessarily imply a unique support, as in Fig. 1c.
Definition 3.2 Let p̂ = ĉa ∈ IRn+ . The corresponding value loss associated with any
(x, x& ) ∈ ! is given by
δ(x, x& ) = w(ĉ) − w(b λ(x, x& )) − π p̂ (x& − x).
The following lemma proves that δ(x, x& ) ≥ 0 for any (x, x& ) ∈ !, and also determines an inequality on the stocks that will be used afterwards in the characterization
of the von Neumann facet. Remark 3.4 below notes the difference between the valueloss function used in the antecedent literature stemming from [8], when w is assumed
to be either linear or strictly concave and differentiable, and our own.
Proposition 3.1 For any (x, x& ) ∈ ! we have δ(x, x& ) ≥ 0.
Proof By the supportability condition on the felicity function, we obtain
!
"
w(ĉ) − w(b y) ≥ π ĉ − b y for all y ∈ $(x, x& ), for all (x, x& ) ∈ !.

(4)

We can now appeal to the following identity
ĉ − b y =

n '
&

ĉ −

bi
1 + dai

(

yi + ĉ(1 − ey) +

n '
&

=

n '
&

ĉ −

bi
1 + dai

(

yi + ĉ(1 − ey) −

n
&
b i ai d
yi
1 + dai
i=1

i=1

i=1

i=1

(
bi
− b i yi
1 + dai
(5)
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Fig. 1 Interiority and non-interiority of ĉ in con(Sw )

Since y ∈ $(x, x& ), we obtain from (2), 1 − ey ≥ a(x& − x) + dax ≥ a(x& − x) + day.
On substituting this in (5), we obtain
(
n '
n
&
&
bi
b i ai d
ĉ − b y ≥
ĉ −
yi + ĉ a(x& − x) + ĉ day −
yi
1 + dai
1 + dai
i=1
i=1
n '
&
≥ ĉ a(x − x) +
ĉ −
&

i=1

bi
1 + dai

(

(1 + ai d)yi

≥ ĉ a(x& − x) = p̂ (x& − x)

(6)

But then this implies from (4)
w(ĉ) − w(b y) ≥ π p̂(x& − x),

and hence that δ(x, x& ) ≥ 0. The proof is finished.

/
.
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Remark 3.3 Note that in contrast to the antecedent literature there is no presumption
in the proof that the golden-rule consumption level ĉ is attained at a unique stock x̂.
Indeed, we can now define
Definition 3.3 A golden-rule stock x̂ ∈ IRn+ is such that (x̂, x̂) is a solution to the
problem:
(P) max{b λ(x, x) : (x, x) ∈ !}.
Theorem 3.1 The set of golden-rule stocks is
%
$
X̂ = x ∈ IRn+ : (x, x) ∈ ! and b x = ĉ .

Furthermore, for every x ∈ X̂ we have x j = 0 for all j + ∈ I. When I is a singleton equal
to {σ }, the golden-rule stock is unique and given by x̂ = (1/(1 + aσ d))eσ , where eσ is
the σ -th unit vector.
Before getting into the proof of the theorem we present an easy technical lemma,
Lemma 3.1 Let x ∈ X such that (x, x) ∈ !. Then

(i) If b λ(x, x) = ĉ =⇒ λ(x, x) = {x}
(ii) If b x = ĉ and x j = 0 for all j + ∈ I =⇒ λ(x, x) = {x}
Proof
(i) Consider y ∈ λ(x, x). One of the two equalities: (i) x = y or (ii) 1 − adx − ey = 0
must hold. Of course, if (i) holds, our claim is proved. Assuming that (i) does
not hold, we have
!
""
#n !
ey = 1 − adx < 1 − ady ≤ 1 + i=1
1 − b i /ĉ yi
! " #n
= 1 + ey − 1/ĉ
i=1 b i yi = ey

which is obviously absurd.
(ii) We claim that x ∈ $(x, x). Indeed,
"
# !
#
1 − a(x − (1 − d)x) − ex = 1 − i∈I (1 + dai xi ) = 1 − i∈I b i /ĉ xi = 0. (7)
Hence, b x ≤ max{b y : y ∈ $(x, x)} ≤ max{b y : y ≤ x} = b x, implying x ∈ λ(x, x)
and b λ(x, x) = ĉ. Finally, by (i) we conclude.
/
.

Proof of Theorem 3.1 To prove that X̂ is the solution set to the optimization problem (P) in Definition 3.3, it suffices to check that α(P) = ĉ, where α(P) denotes
the optimal value of (P). Using (6) we get that α(P) ≤ ĉ. On the other hand, it is
easy to check that given σ ∈ I the state x = 1/(1 + aσ d)e(σ ) satisfies the constraint
of (P) and that b x = ĉ. Using Lemma 3.1(ii) we get that b λ(x, x) = ĉ ≤ α(P). Thus,
α(P) = ĉ.
Given any x ∈ X̂, we know that λ(x, x) = {x} thanks to Lemma 3.1, which means
that 0 ≤ 1 − adx − ex and hence
#n
0 ≤ 1 − (ad + e)x ≤ 1 − i=1
(b i /ĉ)xi = 0
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implying that all the inequalities above must hold with equality. Consequently, x j = 0
for all j + ∈ I.
If I = {σ }, then x j = 0 for j + = σ and b σ xσ = ĉ =⇒ xσ = 1/(1 + aσ d) and X̂ = {x̂}.
/
.
In the next proposition, we denote the convex hull of a set A by co(A).
%
$
Proposition 3.2 X̂ = co (1/(1 + ai d))ei : i ∈ I .
Proof It is evident that {(1/(1 + ai d))e(i) : i ∈ I} ⊆ X̂, and as X̂ is convex we readily
conclude that co{(1/(1 + ai d))e(i) : i ∈ I} ⊆ X̂.
#
Let x ∈ X̂ we want
# to prove that x can be written as x = i∈I λi (1/(1 + ai d))e(i),
where λi ≥ 0 and i∈I λi = 1. Thanks
to Theorem
#
#3.1 we know that x j = 0 for all j + ∈
I. Then we have (ad + e)x = i∈I (ai d + 1)xi = i∈I (b i /ĉ)xi = 1 and defining λi =
(ai d + 1)xi , we conclude as desired.
/
.
Proposition 3.3 The von Neumann facet, i.e., the set of pairs (x, x& ) ∈ ! such that
δ(x, x& ) = 0 is given by
%
$
!v N = (x, x& ) ∈ ! : 1 − ax& = [e − (1 − d)a]x, x j = 0 for all j + ∈ I and b x ∈ Sw .

Furthermore, {x} = λ(x, x& ) for all (x, x& ) ∈ !v N .
Proof Using (6) we get for every y ∈ λ(x, x& ),

δ(x, x& ) = 0 =⇒ w(ĉ) − w(b y) = π p̂ (x& − x) ≤ π(ĉ − b y).
On the other hand, the Supportability Assumption yields: w(ĉ)−w(b y) ≥ π(ĉ−b y)
and putting the two things together we get
δ(x, x& ) = 0 =⇒ w(ĉ) − w(b y) = π p̂ (x& − x) = π(ĉ − b y).
Considering the equation above and (2) we get for every y ∈ λ(x, x& ),
"
1!
ĉ − b y − adx − ey
ĉ
*
'
)
(
n
&
1 + ai d
b
bi
≤
− (ad + e) y =
− ĉ yi ≤ 0.
ĉ
ĉ
1 + ai d
i=1

0 ≤ 1 − a(x − x& ) − adx − ey = 1 −

Thus, in every step the equality must hold, implying that x = λ(x, x& ) and x j =
0 for all j + ∈ I and 1 − ax& = [e − (1 − d)a]x. And, from the definition of the set Sw
we get b x = b y ∈ Sw . The fact that {x} = λ(x, x& ) can be deduced from 1 − ax& = [e−
(1 − d)a]x.
On the other hand, it is very easy to see that the points (x, x& ) ∈ !v N satisfy that
δ(x, x& ) = 0, and the proposition follows.
/
.
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Corollary 3.1 (x, x) ∈ !v N for all x ∈ X̂.
Remark 3.4 In [8] and subsequent work, a different value-loss function is proposed in
the differentiable framework. This function, adapted to our framework and notation
would be,
"
!
" #n
!
δ KM (x, x& ) = w(ĉ) − w b λ(x, x& ) − i=1
π ((ai ci ) / (1 + ai d)) xi& − xi .

It is easy to see that δ KM (x, x& ) ≥ δ(x, x& ) ≥ 0 for all (x, x& ) ∈ !. The corresponding
von Neumann facet is
$
%
(x, x& ) ∈ !v N : x&j = 0 for all j + ∈ I .

The fact that the function δ KM (x, x& ) produces a smaller von Neumann facet, suggests that stronger results can be obtained with it instead of δ(x, x& ). But this is not
the case, because our proofs will not concern the von Neumann facet itself but the
programs that produce zero accumulated value loss, and these coincide for both value
loss functions.
Remark 3.5 Note that other than a subsidiary claim in Theorem 3.1, the concepts
and results presented in this section do not rely on I being a singleton.

4 Good Programs: Existence and Limit Points
In this section, we present some preliminary results on good programs, a concept due
to Gale. We supplement the methods of Brock and Gale by utilizing the concept of
the set of limit points of such programs, a set that has been used to advantage in [31]
and [12].
Definition 4.1 A program {x(t)} is called good if there exists M ∈ IR such that for all
T ≥ 0,
""
,
#T + ! !
t=0 w b λ x(t), x(t+1) − w(ĉ) ≥ M.
""
,
#T + ! !
A program is bad if limT→∞ t=0
w b λ x(t), x(t+1) − w(ĉ) = −∞.
As shown in [8, Proposition 4], the following general result of Gale applies.

Proposition 4.1 The space of programs is partitioned into good and bad programs.
We present here a proof of the existence of good programs from any initial stock,
suitable to our non-concave, non-differentiable framework. The majority of the
proofs presented in the literature are based on building a particular program
that converges asymptotically, and sufficiently fast, to the golden rule stock. Our
approach again differs from this generality and is similar to the one presented in [22,
Lemma 7.4.4] as we build a program that in a finite number of steps, reaches the
golden rule consumption level. To this end, we consider σ ∈ I and by investing in
an appropriate way, we assure that xσ (t) = 1/(1 + aσ d) for all t ≥ T for some finite
T > 0 that depends on the initial stock x. After T, the investment and production of

Supportability and Asymptotic Dynamics

145

consumption goods is made in a way such that not only the value of xσ (t) remains
constant but the benefit at each step is the golden-rule consumption level ĉ.
Proposition 4.2 There exists a good program from any arbitrary initial stock x(0) ∈ IRn+ .
Proof Let σ ∈ I. We build a program {x(t)} that does not invest in machines of type
j + = σ . Hence, x j(t) = (1 − d)t x j(0) → 0 for all j + = σ , t ∈ IN.
1. If xσ (0) < x̂σ we initially apply an investment policy where the totality of labor is
devoted to building machines of type σ , z(t) = 1/aσ e(σ ). This yields the following
xσ (t) = (1 − d)t xσ (0) +

1 #t−1
(1 − d)t = (1 − d)t xσ (0) +
aσ i=0

1
daσ

+
,
1 − (1 − d)t .

(8)
This policy is kept until the first stage, t0 , such that the increasing sequence {xσ (t)}
satisfies
x̂σ − (1 − d)xσ (t0 ) < 1/aσ

(9)

Indeed, the condition above is fulfilled by a finite value of t0 , because xσ (t) →t→∞
1/(daσ ) and x̂σ − (1 − d)/(daσ ) < 1/aσ . At t0 , the investment is z(t0 ) = [x̂σ −
(1 − d)xσ (t0 )]e(σ ) assuring that xσ (t0 + 1) = x̂σ . From there on, the investment
is kept at the level z(t) = dx̂σ e(σ ) and we get xσ (t) = x̂σ for all t > t0 .
It can be seen that the evolution of the sequence xσ (t) can be compactly expressed as xσ (t + 1) = min{(1 − d)xσ (t) + 1/aσ , x̂σ } and the corresponding investment policy as zσ (t) = min{1/aσ , x̂σ − (1−d)xσ (t)}.
2. If xσ (0) > x̂σ we set the investment policy z(t) = 0 until the first time stage t1
when the stock of machines of type σ , xσ (t) = (1 − d)t xσ (0), falls below the
golden rule level x̂σ . We then invest zσ (t1 ) = x̂σ − (1 − d)xσ (t1 ) to get xσ (t1 +
1) = x̂σ . A brief computation shows that xσ (t1 ) ≤ x̂σ ≤ xσ (t1 − 1) implies that
x̂σ − (1 − d)xσ (t1 ) ≤ 1/aσ , hence the proposed investment is feasible. For all
t > t1 , we set z(t) = dx̂σ e(σ ) assuring that xσ (t) = x̂σ for all t > t1 .
3. If xσ (0) = x̂σ , we then set zσ (t) = dx̂σ for all t getting xσ (t) = x̂σ for all t.
Let t̂ be the time when xσ (t) reaches x̂σ (according to the initial condition: t̂ = t0 +1
or t̂ = t1 +1 or t̂ =! 0). As we saw
" above xσ (t) = x̂σ for all t ≥ t̂. It is easy to see that
y(t) = x̂σ e(σ ) ∈ λ x(t), x(t+1) for all t ≥ t̂. For every T ≥ t̂ we have,
T
&
t=0

t̂−1
&
! !
""
! !
""
w b λ x(t), x(t+1) − w(ĉ) ≥
w b λ x(t), x(t+1) − w(ĉ)
t=0

+

=

T
&
t=t̂

t̂−1
&
t=0

!
"
w b x̂σ e(σ ) − w(ĉ)
./
0
=0

! !
""
w b λ x(t), x(t+1) − w(ĉ) ∈ IR.

From this, we can conclude that the proposed program is good.

/
.
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It is interesting to notice that an explicit superior bound of t̂ can be easily found,
and we supplement Proposition 4.2 by such a result.
For example, in case 1 where xσ (0) < x̂σ , condition (9) is fulfilled if t satisfies
,
+
,
+
t + 1 ≥ ln (1 + daσ ) (1 − daσ xσ (0)) / ln (1 − d)−1

Hence the value of t0 is
1 +
,
+
,2
t0 = ln (1 + daσ ) (1 − daσ xσ (0)) / ln (1 − d)−1
,
+
for all xσ (0) ≤ x̂σ .
≤ ln(1 + daσ )/ ln (1 − d)−1

(10)

In case 2, where xσ (0) > x̂σ , we can only find a bound depending on the value of
xσ (0). In fact, it is easy to see that the value of t1 must be
,
+
,
+
t1 ≤ ln xσ (0)(1 + daσ ) / ln (1 − d)−1 + 1.
(11)
Expressions (10) and (11) lead us to the following corollary:

Corollary 4.1 For every initial state x0 , let
+
,
+
,2 3 +
,4%
$1
.
T = max ln (1 + daσ ) / ln (1 − d)−1 , ln xσ (0) (1 + daσ ) / ln (1 − d)−1
There is a good program {x(t)} from x0 satisfying xσ (t) = x̂σ for all t ≥ T.

The proposition below states the classical equivalence between good programs
and finite aggregate value loss programs, a proof adapted to the RSS model can be
found in [8, Proposition 7].
Proposition 4.3 A program
{x(t)}
is good"if and only if
!
#
δ
x(t),
x(t+1) is inf inite.
and bad if and only if ∞
t=0

#∞

t=0

!
"
δ x(t), x(t+1) is f inite,

We can now establish the existence of a program that attains minimum aggregate
value-loss, for every initial stock. This is a benchmark result in the literature, but
the proof we present adapts an argument in [6, Proposition 1.4.2], circumventing
Cantor’s diagonalization argument in [3], and following him, in [26] and [8].

Proposition 4.4 From any x0 ∈ IRn+ there exists a program {x(t)} starting from x0 that
gives a minimal aggregate value-loss among all programs that start from x0 .
"
#∞ !
(12)
t=0 δ x(t), x(t+1) = )(x0 ).

Proof As we stated above, the proof can be adapted from [6, Proposition 1.4.2]. Two
remarks are in order. First,
! the proof"presented in [6] considers continuous functions,
whereas we deal with δ x(t), x(t+1) lower semi-continuous. It is an easy Analysis
exercise to check that the proof is still valid with this weaker assumption. Second,
the proof we are referring to is presented in a compact state space. We appeal to [8,
Proposition 1] where it is proved that it is possible to define for each initial stock x0
a compact set X(x0 ) ⊆ IRn+ such that any program that starts from x0 stays in X(x0 ).
/
.

The aggregate value loss is always non-negative, and we are particularly interested
in characterizing every program and every sequence {x(t)}∞
t=−∞ with zero aggregate
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value loss, to make use of the following lemma taken from Zaslavski [31, Lemma
3.1]. We state a version adapted to our notation,4
&
Lemma 4.1
! Assume that
" {x(t)} is a& good program &and that (x, x ) is an accumulation
point of x(t), x(t+1)! . Then (x,
" x ) ∈ !& and δ(x, x ) = 0, and there exists a sequence
{u(t)}∞
t=−∞ such that u(0), u(1) = (x, x ) and
!
"
!
"
u(s), u(s+1) are accumulation points of x(t), x(t+1) for all s.

!
"
!
In particular,
the sequence defined above fulfills u(s), u(s+1) ∈ ! and δ u(s),
"
u(s+1) = 0 for all integer s. We will use Lemma 4.1 to characterize the set of
accumulation points of good programs:
Definition 4.2 V = {x : xis an accumulation point of a good program.}
Evidently, X̂ ⊆ V. Indeed, by Corollary 3.1 we know that for every state x ∈ X̂,
the constant program x(t) = x for all t has zero aggregate value loss, and therefore
it is good. The question arises as to the converse, and we present below a sufficient
condition that does not rely on the fact that the golden-rule stock is a singleton.
Condition 1 Sw = {ĉ}.

Proposition 4.5 If Condition 1 holds, then X̂ = V.
Proof We already know that X̂ ⊆ V. To see the !other inclusion,
consider x ∈ V.
"
Take x& such that (x, x& ) is an accumulation point of x(t), x(t+1) .5 Lemma 4.1 yields
that δ(x, x& ) = 0. Using Proposition 3.3 we conclude that x j = 0, j + ∈ I and b x ∈ Sw =
{ĉ}. To prove that x ∈ X̂, we only need to show that (x, x) ∈ !. The first inequality
in the definition of ! (see (1)) follows trivially, and to see the second and last one,
observe that
6
+
,
#
# 5
#
1 − a x − (1 − d)x = 1 − adx = 1 − i∈I ai dxi = 1+ i∈I 1 − bĉi xi = i∈I xi ≥ 0
/
.

Our final proposition concerns the convergence of the Cesàro means of every
good program. To the best of our knowledge the proofs presented in the literature
rely heavily on the concavity of the felicity function, we provide a new proof suitable
to our non-concave framework. Note also that for the moment, we continue to avoid
the assumption that the golden-rule stock is a singleton.

4 The

proof of the lemma can easily be adapted to our framework from [31, Lemma 3.1] by observing
that, neither the concavity of the function nor its differentiability play a role in the proof, and that
every time that the continuity of w is used, it is actually sufficient to require only the lower semicontinuity of w to obtain the same result.

5 We

appeal again, as in the proof of Proposition 4.4, to the proof of [8, Proposition 4] where it is
stated that the program {x(t)} is included in a compact set X(x0 ).
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Lemma 4.2 The Cesàro means of every good program {x(t)} converge to X̂; namely,
x̄(t) =

x(0) + . . . + x(t − 1)
is such that dist(x̄(t), X̂) → 0
t

when t → ∞.

(13)

!
Proof We first observe that the convexity of ! implies (x̄(t), x̄& (t)) = x(0)+...+x(t−1)
,
t
"
x(1)+...+x(t)
∈
!.
Let
x̄
be
any
accumulation
point
of
{
x̄(t)}.
It
is
easy
to
see
that
if
t
x̄(tk ) → x̄ then

x(1) + . . . + x(tk )
x(tk ) − x(0)
= x̄(tk ) +
→ x̄ + 0
tk
tk
"
!
and in consequence
, x(1)+...+x(t)
hence, (x̄, x̄) is an accumulation point of x(0)+...+x(t−1)
t
t
x& (tk ) =

(x̄, x̄) belongs to the closed set !.
(14)
!
"
Consider a good program {x(t)} and let y(t) = λ x(t), x(t+1) , thanks to the Supportability Assumption we have
w(ĉ) − w(b y(t)) ≥ π(ĉ − b y(t))
Adding the equation above from t = 0, . . . , T − 1 we obtain
7
8
#T−1
#T−1
w(ĉ) − w(b y(t)) ≥ π T ĉ − t=0
b y(t)
−M ≥ t=0

and dividing by π T > 0 we get

1 #T−1
b y(t) ≥ ĉ.
T t=0
#T−1
b y(t). These last two inThe concavity of λ(x, x& ), yields λ(x̄(T), x̄& (T)) ≥ T1 l=0
equalities together yield
"
!
−M/π T + λ x̄ (T) , x̄& (T) ≥ ĉ
−M/π T +

and letting T → ∞ we get

!
"
λ (x̄, x̄) = lim λ x̄(tk ), x̄& (tk ) ≥ ĉ
k

So we have that (x̄, x̄) ∈ ! such that λ(x̄, x̄) ≥ ĉ, implying that x̄ ∈ X̂.

/
.

5 Good Programs: Asymptotic Convergence
The literature on the RSS model uniformly assumes that there is a unique machine
type at which the effective output per man is maximized. We name this additional
assumption, the Brock-Koopmans-Mitra uniqueness condition.
Assumption 1 (Uniqueness) There exists σ ∈ {1, . . . , n} such that I = {σ }.
We saw in Theorem 3.1 that X̂ = {x̂} = {1/(1 + aσ d)e(σ )} whenever the condition
above is satisfied. And as has been understood since [3], this uniqueness result has a
fundamental impact on the results reported here. We define the notion of marginal
rate of transformation of type i machines today into type i machines tomorrow when
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there is no consumption or investment in machines of any other type. This is to say
that we consider
+
,
ξi ≡ (1/ai ) − (1 − d) > −1.

Proposition 5.1 Let the sequence {x(t)} be such that
under Assumption 1, we obtain the following

#

t∈IN

!
"
δ x(t), x(t+1) = 0. Then

1. If ξσ > 1, x(t) = x̂ for all t.
2. If |ξσ | < 1, b x(t) ∈ Sw for all t and limt→∞ x(t) = x̂.
3. If ξσ = 1, b σ xσ (0) ∈ Sw ∩ ({(b σ /aσ )} − Sw ) and
x(t) =

9

x(0)
t = 2̇
1/a − x(0) t + = 2̇

where the notation ṅ stands for a multiple of n.
!
"
Proof Thanks to Proposition 3.3, we know that if δ x(t), x(t+1) = 0 for all t, then
x j(t) = 0 for all j + = σ, and b σ xσ (t) ∈ Sw

(15)

and 1 − aσ xσ (t+1) = [1 − (1−d)aσ ]xσ (t). From this last condition we easily get
xσ (t) =

1
1 #t−1
− ξσ xσ (t−1) =
(−ξσ )i + (−ξσ )t xσ (0)
aσ
aσ i=0

1 1 − (−ξσ )t
+ (−ξσ )t xσ (0)
a σ 1 + ξσ
*
)
1
1
+ (−ξσ )t xσ (0) −
=
1 + aσ d
1 + aσ d
=

(16)

If the expression in brackets is different from zero, the value of
1. ξσ > 1.
xσ (t) oscillates without bounds, and it is negative for sufficiently large values
of t, violating the definition of program. Hence, the only possibility is to have
xσ (0) = 1+a1 σ d = xσ (t) and thus x(t) = x̂ for all t.
2. |ξσ | < 1. In this case, by (16) we have that limt xσ (t) = 1+a1 σ d .
3. ξσ = 1. By (16) we immediately get that xσ (t) = xσ (0) for all t = 2̇ and xσ (t) =
1/aσ − xσ (0) for all t + = 2̇ and then to assure that b σ xσ (t) ∈ Sw , it is enough to
know that b σ xσ (0) ∈ Sw and b σ (1/aσ − xσ (0)) ∈ Sw . These two conditions can
be equivalently expressed as b σ xσ (0) ∈ Sw ∩ ( baσσ − Sw ). Observe that ĉ ∈ Sw ∩
( baσσ − Sw ), hence we retrieve what we already knew: x(t) = x̂ for all t has zero
aggregate value loss.
/
.
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We use this proposition and Lemma 4.1 to characterize V, recalling that X̂ ⊆ V and
that under Condition 1, X̂ = {x̂}. We present the argument in three separate cases.
1. |ξσ | > 1. We claim that {x̂} = V. Indeed, let us assume that there is x + = x̂, accumulation point of
{x(t)}. Take x& such that (x, x& ) is an accumu! a good program
"6
lation point of x(t), x(t+1)
.
From
4.1, there
exists then a sequence
!
" Lemma
!
"
{u(s)}∞
such
that
u(s),
u(s+1)
,
δ
u(s),
u(s+1)
=
0
for all integer s and
s=−∞
u(0) = x. But due to (16) this sequence oscillates without bound when s → ∞
and a contradiction arises.
2. |ξσ | < 1. As in the previous point, we claim that {x̂} = V. The proof is similar to
the one above, except that the contradiction arises for the negative values of s:
n
there is no sequence {u(s)}∞
s=−∞ ⊂ IR+ such that u(0) = x + = x̂ and (16) is fulfilled
for all s < 0.
3. |ξσ | = 1. The third case offers a different result. We have already characterized
the zero accumulated value loss programs as the 2-periodic programs that fulfill
(15) and (16). Hence the set of accumulation points of zero aggregate value loss
programs is
$
%
x ∈ IRn+ : x j = 0 for all j + ∈ I, b x ∈ Sw ∩ (b σ /aσ − Sw )

and it is obviously included in V. We claim that this inclusion is an equality, i.e.,
every accumulation point of a good program is also an accumulation point of a
zero aggregate value loss program. Indeed, if there was x + ∈ V accumulation point
of a good program, by Lemma 4.1, there should be a zero accumulated value
loss sequence {u(s)}∞
s=−∞ such that u(0) = x. Due to (15) and (16) we deduce:
u j(s) = 0 for all j + = σ and
9
xσ
s = 2̇
uσ (s) =
1/aσ − xσ s + = 2̇.
Hence, x is an accumulation point of the zero value loss program {u(s)}∞
s=0 ,
implying that x ∈ V.

In Cases 1 and 2, it is evident that along any good program x(t) → x̂. In the
last case, we only know that dist (x(t), V) → 0. We summarize these results in the
following theorem and we also show that in Case 3, V = {x̂} if and only if the
following assumption is fulfilled
Condition 2 (Symmetry) {ĉ} = Sw ∩ ( baσσ − Sw )
Theorem 5.1 Let {x(t)} be a good program. Then under Assumption 1, we have the
following:
1. If ξσ > 1, x(t) → x̂.
2. If |ξσ | < 1, x(t) → x̂.
3. If ξσ = 1, dist (x(t), V) → 0. In particular, if Condition 2 also holds, x(t) → x̂.

6 We

appeal again, as in the proof of Proposition 4.4, to the proof of [8, Proposition 4] where it is
stated that the program {x(t)} is included in a compact set X(x0 ).
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Proof Indeed, if the symmetry condition 2 holds, we have b σ xσ (0) = b σ xσ (1) = ĉ
and then xσ (t) = 1/(1 + aσ d) for all t.
On the other hand, if there is µ + = ĉ such that µ ∈ Sw ∩ (b σ /aσ − Sw ) then we can
take x(t) = bcσ e(σ ) for all t = 2̇ and x(t) = ( a1σ − bcσ )e(σ ) for all t + = 2̇. The program
fulfills (16) and b σ xσ ∈ Sw for all t, hence, it has zero aggregate value loss.
/
.
Observe that if ĉ ! b σ xσ (t), the opposite relation holds at the following step: b σ xσ
(t+1) = b σ ( a1σ − xσ (t)) ! ĉ. Hence, if ĉ is not located between two elements of Sw
there is no possibility of having two consecutive steps fulfilling b σ xσ (t) ∈ Sw , i.e., the
following condition is sufficient to assure Condition 2.
Condition 3 (Non-interiority) ĉ + ∈ int co(Sw ).
In the particular case where the felicity function is concave Sw is a closed interval
and then the condition above turns out to be also necessary, and can be simplified to
Condition 4 (Non-Interiority, Concave Case) ĉ + ∈ int Sw .
To see the necessity of this condition, let us assume that it is not fulfilled. Then
there is * > 0 such that [ĉ − *, ĉ + *] ⊆ Sw and it is easy to see that taking any
initial state x(0) ∈ [(ĉ − *)/b σ , (ĉ + *)/b σ ] there will be a zero accumulated value
loss program from x(0).
Of course, this last condition is assured when w is strictly concave.
Remark 5.1 We leave it to the reader to check that Condition 2 can be equivalently
stated as
$
$ %% $$ %
%
Sw − ĉ ∩ ĉ − Sw = {0} .

To sum up, in Sections 4 and 5 we give a complete characterization of V under
Condition 1 or Assumption 1, leaving the study of the general case, i.e., {σ } ! I and
{ĉ} ! Sw , for future work.
6 Maximal and Optimal Programs
Next, we turn to the relations between optimal, maximal and minimal value-loss
programs that are obtained when Assumption 1 holds. We prove that every optimal
program is a minimal value-loss program, a fact that seems to have been missed out
in the literature. We also prove that every minimal value loss program is maximal, a
benchmark result in the literature concerning non-decreasing, differentiable concave
felicities. We present a new proof valid in our more general framework.
Finally, when ξσ + = 1, or the Symmetry Condition 2 holds, we present an equivalence theorem that shows the equivalence of optimal, maximal and minimal valueloss programs from which the existence of optimal programs for every initial state
can be deduced.
We begin with the following result,
Lemma 6.1 If Assumption 1 holds, the Cesàro means of every good program converges to the golden-rule stock, x̄(t) → x̂ when t → ∞.
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Proof This lemma is easily deduced from Theorem 3.1 and Lemma 4.2.

/
.

As it was shown by Brock [3, Theorem 1], the convergence of the Cesàro means
of any good program to the GRS is fundamental to the proof of the following
proposition
Proposition 6.1 Under Assumption 1, if {x(t)} is a value loss minimizer from x0 then
it is maximal.
We present now another classical result that will be needed in the proof of
Proposition 6.2.
Lemma 6.2 Any maximal program is good.
Proof Let {x(t)} be a maximal program from x0 and {x& (t)} be a good program from
the same initial condition. To reach a contradiction suppose that {x(t)} is bad. We
have that
! & "
! & "
#T
#T
#T
t=0 w b y (t) −w (b y(t)) =
t=0 w b y (t) −w(ĉ)+
t=0 w(ĉ)−w (b y(t))
#T
≥ M − t=0 w (b y(t)) − w(ĉ)
⇒ lim inf
T

#T

t=0 w

!

"
b y& (t) − w (b y(t)) ≥ M + ∞

contradicting the fact that {x(t)} is maximal.

/
.

The convergence of the Cesàro means proves itself also basic to prove that
every optimal program is a minimal value-loss program, as we see in the following
proposition.
Proposition 6.2 Under Assumption 1, if {x(t)} is an optimal program from x0 , then it
is a minimal value-loss program.
Proof Suppose, contrary to our claim, that the program {x(t)} does not minimize the
accumulated value loss and let {x& (t)} be a minimizer. Hence, there exists * > 0 such
that7
#∞
#∞ &
t=0 δ(t) −
t=0 δ (t) > *.
And given *0 ∈ (0, *), there is T0 such that
#T−1
#T−1 &
t=0 δ(t) −
t=0 δ (t) > *0 for all T ≥ T0 .

Using the very easy to check equality
, #T−1
!
"
#T−1 + ! & "
#T−1 &
&
t=0 w b y (t) − w (b y(t)) =
t=0 δ(t)−
t=0 δ (t)+ p̂ x(T)−x (T) ,
7 In

(17)

can arise, we will write simply δ(t) and δ & (t) instead of
"
! the sequel,
" and !when no confusion
δ x(t), x(t+1) and δ x& (t), x& (t+1) .
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,
!
"
#T−1 + ! & "
x(T)−x& (T)
t=0 w b y (t) − w(b y(t)) > *0 + p̂
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for all T ≥ T0 .

We know as well that there is T1 such that
,
,
#T−1 + ! & "
#T−1 + ! & "
w b y (t) − w (b y(t)) + *0 /2 > t=0
w b y (t) − w(b y(t))
lim supT t=0
for all T ≥ T1 .

Using the last two inequalities and the optimality of {x(t)} we get
!
"
for all T ≥ max{T0 , T1 }
*0 /2 > *0 + p̂ x(T)−x& (T)

which leads to the following −*0 /2 ≥ limT p̂ (x̄(T)− x̄& (T)).
Now observe that both programs are good. Indeed, it is trivial to see that any
optimal program is maximal and, due to Lemma 6.2, must be good. In addition, x& (t) is
the value loss minimizer and is also good. Hence, the Cesàro means of both programs
converge to x̂, contradicting the previous inequality.
/
.
As shown in [34, Theorem 2.4], it is the asymptotic convergence of the stocks of
any good program to the GRS that turns out to be a key ingredient in the demonstration that any minimal value-loss program is optimal, and hence for the proof
of the existence of such programs.
Theorem 6.1 Under Assumption 1, if ξσ + = 1 or Condition 2 holds, the following are
equivalent:
(i) {x(t)} is an optimal program from x0 .
(ii) {x(t)} is a minimum value-loss program from x0 .
(iii) {x(t)} is a maximal program from x0 .
Proof Under Assumption 1, we know that (i)⇒(ii) and (ii)⇒(iii) due to Propositions
6.2 and 6.1, respectively. To prove the equivalence, it is only left to see that (iii)⇒(i).
Let {x(t)} be a maximal program from x0 and {x& (t)} any other program from x0 .
Consider first the case where {x& (t)} is bad, we know that
!
"
#T
#T
w b y& (t) − w(ĉ) = −∞ and
limT t=0
t=0 w(b y(t)) − w(ĉ) ≥ M for all T
#T
then we can easily deduce that limT t=0
w(b y& (t)) − w(b y(t)) = −∞.
#T &
If the alternative program is good then we know that limT t=0
δ (t) is well defined
#T
as well as limT t=0 δ(t). We also know that limT x(T) = limT x& (T) = x̂, thanks to
Theorem 5.1.
Considering (17) and letting T → ∞ we get that the limit of the right hand side is
defined and so it is the limit of the left hand side, hence:
#T−1 ! & "
#T−1 ! & "
lim supT t=0
w b c (t) − w (b c(t)) = lim infT t=0
w b c (t) − w (b c(t)) ≤ 0.
/
.

Corollary 6.1 Thanks to Proposition 4.4 and Theorem 6.1, the existence of optimal
programs follows.

154

M.A. Khan, A. Piazza

We conclude this section with an observation that Theorem 6.1 is tight in the sense
that if ξσ = 1 and Condition 2 does not hold, we can show that there is no optimal
program from any initial state. This proof follows the lines of [13, Theorem 2.4] where
the non-existence of an optimal program was showed for a 2-sector, single machinetype case of the RSS model when the felicity function is linear and the marginal rate
equals unity.
7 Conclusion
We begin this conclusion by reminding the reader that the pioneering papers of
Solow, Robinson and Stiglitz were in continuous time, and the discrete-time revisiting of the model by Khan-Mitra attracted attention because of the dramatic
dissonance between the results in the two settings. Indeed, as the three decisive
examples in [8] illustrate, the characterization of optimal policies that was obtained
through the use of Pontryagin’s maximum principle, no longer holds in discretetime setting. In particular, Examples 2 and 3 in [8] established that for the discretetime model optimal policies in [29] turn out to be bad policies, and the fundamental
conclusion for development planning that only one type of machine is produced, no
longer holds. More to the point, Stiglitz worked with linear benefit functions, and
the model proved recalcitrant to analytical treatment for strictly concave benefit
functions.8 There have of course been advances over the years in the theory of
continuous-time optimal control that are motivated by concerns identical to ours,
as in [20, 21], though not yet given textbook and survey treatment (see, for example
[4, 27, 28]). The genesis of this work dates to the mid-eighties where in his emphasis
on a minimal long-run average-cost growth rate, Leizarowitz has focussed on cost
functions that are lower semicontinuous and convex, as in [18, 19], or simply lower
semicontinuous and bounded as in [17]. Indeed, one can trace Zaslavski’s studies
of the RSS model as the importation of techniques from this literature. However,
in emphasizing supportability of a non-smooth, non-monotonic felicity function at a
distinguished point, and then focussing primarily on the support in developing the
value-loss or penalty function, we depart from the optimal control literature as much
as we do from that in mathematical economics.9 The extent to which our techniques

8 In [5, 30], remaining in continuous time, Cass-Stiglitz and Stiglitz worked with linear benefit
functions with a minimum consumption constraint, but could not provide an explicit characterization
of optimal policies.
9 This

strong claim needs justification for the non-initiated reader, and we offer it in some detail. Our
remarks all refer to the text [4]. Although, the integrands proposed in Section 4.9 are not strictly
concave, but concave, our assumption on the benefit function is much weaker: the supportability
condition that we offer can be interpreted as concavity at a point, weaker than concavity itself.
Furthermore, the existence result in the book by Carlson et al. requires Assumptions 4.7, 4.8 and
Property S. Assumption 4.7 is concavity and upper semi-continuity, Assumption 4.8 is the analogue of
the Brock-Koopmans-Mitra uniqueness condition and Property S is the analogue of the requirement
of convergence in the Von Neuman Facet, which does not always hold in our model. In Chapter
8, the analogue to Property S, now called Assumption 8.4, is proposed and the authors themselves
say that it is very difficult to verify in terms of the primitives of the model, (something that can be
done easily for the Symmetry Condition that we present in this paper) substituting it for the stronger
(A4& ) that also implies that the set F is the singleton golden rule stock in the non-delay case, see
[4, pp. 208–209]. In Chapter 9, a convergence result is offered as Theorem 9.6 using what the authors
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and concepts can be subsumed in an overall complementary and synthetic approach
must remain a subject for future investigation.10
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